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Abstract 
We study on reduced dynamic orbit determination using differenced phase in adjacent epochs for spaceborne dual-frequency 
GPS. This method not only overcomes the shortcomings that the epoch-difference kinematic method cannot be used when ob-
servation geometry is poor or observations are insufficient, but also avoids solving the ambiguity in the zero-difference reduced 
dynamic method. As the epoch-difference method is not sensitive to the impact of phase cycle slips, it can lower the difficulty of 
slip detection in phase observation preprocessing. In the solution strategies, we solve the high-dimensional matrix computation 
problems by decomposing the long observation arc into a number of short arcs. By gravity recovery and climate experiment 
(GRACE) satellite orbit determination and compared with GeoForschungsZentrum (GFZ) post science orbit, for ep-
och-difference reduced dynamic method, the root mean squares (RMSs) of radial, transverse and normal components are 
1.92 cm, 3.83 cm and 3.80 cm, and the RMS in three dimensions is 5.76 cm. The solution’s accuracy is comparable to the 
zero-difference reduced dynamic method. 
Keywords: dual-frequency GPS; phase difference in adjacent epochs; satellite; reduced dynamic; orbit determination 
1. Introduction1 
Due to the characteristics of all-weather, high preci-
sion, and low cost, spaceborne dual-frequency GPS 
has many successful applications in satellite precise 
navigation and Earth gravity field recovery [1-2]. With 
the development of precise orbit determination tech-
nology using spaceborne dual-frequency GPS obser-
vations, more and more low earth orbit (LEO) satel-
lites have been equipped with dual-frequency GPS 
receivers for precise navigation, and spaceborne 
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dual-frequency GPS has become one of the most im-
portant instruments in LEO satellite orbit determina-
tion. Dual-frequency GPS has successful applications 
in precise orbit determination for many satellite ex-
periments, such as ocean topography experiment 
(TOPEX) [3], challenging mini satellite payload 
(CHAMP) [4], gravity recovery and climate experiment 
(GRACE) [5-6], and gratifying results have been 
achieved. However, with the improvement in the qual-
ity of receiver and the requirement of higher precision 
orbit in scientific research, there are still many issues 
worthy of further research in LEO satellite orbit de-
termination using spaceborne dual-frequency GPS. 
At present, the LEO satellite orbit determination 
methods for spaceborne dual-frequency GPS mainly 
include double-difference and zero-difference method. 
The ground station observations are needed for dou-
ble-difference method, which is more complicated than 
zero-difference method. With the precision of GPS Open access under CC BY-NC-ND license.
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clock corrections and GPS ephemeris improvement, 
zero-difference method has been able to achieve the 
precision comparable to double-difference method [6]. 
Depending on whether using the orbit dynamic model 
information or not, the LEO orbit determination meth-
ods can be divided into kinematic method and dynamic 
method. In 1990, Yunck, et al. [7] combined the merits 
of kinematic method and dynamic method, and pro-
posed reduced dynamic method, which has been 
widely studied and applied [5,8-9]. 
Phase observation is always used in high-precision 
GPS applications, but there is the impact of cycle slips 
and ambiguity in phase observation processing. In the 
high dynamic spaceborne environment, the probability 
of phase cycle slip occurrence is much larger than that 
on the ground, and high-speed movement of LEO sat-
ellites makes it more difficult to detect the slip [10]. At 
present, the cycle slip detection methods mainly in-
clude high order difference method, Melbourne- 
Wübbena combination method, ionosphere-free com-
bination method, geometry-free combination method, 
and so on [11-13]. In the ground static measurement, the 
receiver will track a GPS continuously for a long time, 
so the signal changes slowly, which makes cycle slip 
detection easier. But in the high dynamic spaceborne 
environment, the high-speed LEO satellite flying 
makes the time of receiver’s continuous tracking of a 
fixed GPS satellite shorter (ground measurements may 
be hours of continuous tracking, while for the CHAMP 
satellite, the average tracking time of one GPS satellite 
is only 30 min), the signal changes rapidly, and phase 
cycle slip detection becomes difficult. Therefore, small 
cycle slip detection has become a focus in spaceborne 
GPS application. Phase slip smaller than 5 cycles is 
hard to detect using ground static measurement method 
especially [14]. 
In zero-difference phase observation processing, if 
one phase cycle slip occurs and the corresponding ep-
och has not been detected exactly, then observation 
processing in the whole tracking arcs will be affected. 
Numerical experiments show that the artificial increase 
or decrease of a cycle slip by one will result in deci-
meter impact in single point positioning [13]. But for 
epoch-difference phase observations, the impact of an 
undetected cycle slip is limited to one or two epochs 
around the occurring cycle slips, and can be easily 
avoided.  
Some scholars have studied “kinematic” orbit de-
termination with the phase epoch-difference method. 
Using this method, simulation shows that decimeter- 
level precision of position components is possible [15]. 
Epoch-difference accuracy of the TOPEX satellites’ 
orbit positions is about 2.5 cm in radial component and 
1 cm in other two components [16]. Orbit position ac-
curacy of the CHAMP and GRACE satellites is only 
about 30-40 cm [13,17-18]. The phase epoch-difference 
method will drop some observations which are not 
from the same satellite in two adjacent epochs, so ob-
servations are not fully utilized. On the other hand, the 
kinematic method is particularly sensitive to erroneous 
measurements, unfavorable viewing geometry and data 
outages, which sometimes restrict its value in practice. 
In this paper, reduced dynamic orbit determination 
method using differenced phase in adjacent epochs is 
presented, which makes use of the known physical 
models of the spacecraft motion to constrain the re-
sulting position estimates [19-20]. This allows an aver-
aging of measurements from different epochs and the 
satellite trajectory can even be propagated across data 
gaps. 
The difference introduces correlation between phase 
observations in adjacent epochs, which makes the 
weight matrix of observations and clock error design 
matrix no longer a diagonal matrix, so the long arc 
epoch-difference method faces the problem of high- 
dimensional matrix computation. In order to avoid 
high-dimensional matrix computation, this long arc 
observation data will be divided into several short arcs, 
and epoch-difference is taken inside each short arc, but 
not between two adjacent arc junctions. Then at the 
adjacent epoch between two short arc junctions, phase 
observations are not correlated, weight matrix of phase 
epoch-difference observation and design matrix of 
clock error become block diagonal matrices. This solu-
tion strategy effectively solves the high-dimensional 
matrix computing problems, and makes the phase ep-
och-difference method be successfully applied to satel-
lite dynamic orbit determination. 
2. Orbit Determination Model Using Differenced 
Phase Observations 
2.1. Observation equation 
In order to eliminate the first order ionosphere de-
lay, dual-frequency ionosphere-free combination ob-
servations are always adopted. For the pseudo code 
and carrier phase observations, the ionosphere-free 
combination yields 
2 2
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(1) 
where subscript “IF” denotes ionosphere-free combi-
nation, subscripts “1” and “2” denote different fre-
quencies, superscript “j” denotes the jth GPS satellite, 
P is code observations, L phase observations, f the 
carrier frequency, ρ  geometric distance from the LEO 
satellite to the GPS satellite, δtr receiver clock error, δt  
GPS satellite clock error, c speed of light, and λIFAIF 
the ambiguity of phase ionosphere-free combination, 
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εP,IF and εL,IF contain thermal measurement noise, mul-
tipath, and all other unmodeled errors. The geometric 
range 
G( ) | ( ) ( ) |
j j j
i i it t tρ τ= − −r r         (2) 
is simply given as the distance between the antenna 
phase center position of the GPS receiver, r(ti), and the 
GPS satellite, jGr (ti−τ 
j), at the moment of signal re-
ception and transmission, respectively. In Eq. (2), τ j is 
the signal path delay which can be obtained by itera-
tive calculation. The center for orbit determination in 
Europe (CODE) currently provides the final GPS 
ephemerides and clock error products [21], ephemeris 
interval of 15 min, clock error interval of 30 s and 
5 s [22]. 
For continuous tracking arc, we make phase differ-
ence in adjacent epochs as follows: 
IF IF 1 IF
1 r 1 r
( ) ( ) ( )
( ) ( ) ( ( ) ( ))
j j j
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L t L t L t
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IF1
( ( ) ( ))j j ji i Lc t t t t ε+ Δδ + δ +         (3) 
Through epoch difference, λIF IFjA , ambiguity of 
phase ionosphere-free combination, is eliminated. 
Even if a phase cycle slip occurs and the exact epoch 
has not been detected, the impact of undetected cycle 
slips is limited to one or two epochs when the cycle 
slips occur, and can be easily avoided through 3σ edi-
tion method of the observation minus computation 
(O−C) residuals in orbit determination. So phase ep-
och-difference method can lower the difficulty of 
phase observation preprocessing in zero-difference 
method. However, the difference introduces correla-
tion between phase observations in adjacent epochs. In 
order to estimate orbit parameters successfully, we 
should pay additional attention to this problem. 
2.2. Observation correction 
(1) Relativity correction 
The relativity correction formula is 
rel
2 2sin ( )
a
e E xx yy zz
c c
μρΔ = − = − + +& & &    (4) 
where μ is the Earth gravitational constant, a semi- 
major axis of the satellite orbit, e orbit eccentricity, E 
orbit eccentric anomaly, and (x, y, z) orbit position. 
(2) Antenna offset correction for GPS satellite 
The antenna center offsets, Ax, Ay and Az, are defined 
in the GPS satellite body coordinate system. The axis 
vectors of the GPS satellite body coordinate system, ex, 
ey and ez, can be calculated in the Earth inertial coor-
dinate system from Eq. (5) [23], 
G s
G s
, ,
| | | |
z
z y x y z
z
×= − = = ××
r e re e e e e
r e r
    (5) 
where rs is the position of Sun provided by jet propul-
sion laboratory (JPL) solar system ephemeris. Then, 
the antenna offset correction vector for GPS satellite is 
Axex + Ayey + Azez. 
(3) Antenna offset correction for LEO satellite 
The range correction caused by the LEO satellite 
antenna offset is 
G
ant body
G| |
ρ −Δ = Δ− ⋅ ⋅
r r M r
r r
          (6) 
where Δrbody is LEO satellite antenna offset vector in 
satellite body coordinate system, and M attitude rota-
tion matrix from satellite body fixed coordinate to the 
Earth inertial coordinate. 
2.3. Reduced dynamic orbit determination 
The major difference between the kinematic method 
and the dynamic method is the fact that the individual 
spacecraft positions at each measurement epoch are 
replaced by the spacecraft trajectory model. We make 
use of known physical models of the spacecraft motion 
to constrain the resulting position estimates, and in-
troduce three experienced acceleration components to 
absorb all other unmodeled perturbation. As the at-
mospheric density and solar activity are difficult to 
model accurately, atmospheric drag coefficient and 
solar radiation pressure coefficient are also estimated. 
Therefore, parameters to be estimated are: receiver 
clock error parameter at each epoch, cδti; six-dimen- 
sional initial satellite position and velocity vector, 
x0 = [r0T  v0T]T; a solar pressure coefficient, CR; an 
atmospheric drag coefficient, CD, the piecewise linear 
empirical acceleration [24] 
0
R T N
0
R T N 1
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t j t
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τ
τ
τ +
+ + −= +
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in consecutive time intervals (t0 + jτ, t0 + ( j + 1)τ) for 
compensating deficiencies in the applied dynamical 
models, and an independent set of empirical accelera-
tion parameters (aR, aT, aN) is estimated for entire data 
arc, j = 0, 1,···, na. 
When grouping the estimation parameters in the 
nT -dimensional vector of GPS receiver clock offsets 
T
r 0 r 1 r 1[ ( ) ( ) ( )]nt t t t t tδ −= δ δL TT  
and the nX-dimensional vector concerning the satellite 
trajectory modeling, also referred to as the dynamic 
estimation parameters, 
T T
0 R D 0 1[ ]nC C= L aX x a a a  
The vector with all estimated parameters can be ex-
pressed as 
T T
r 0 r 1 r 1[ ( ) ( ) ( )]nt t t t t t −δ δ δL Ty = X  
Observation equation can be expressed by h(y), 
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then, around initial values y0, the weighted least 
squares update value of y is 
T 1 T
0( ) ( ( ))
−Δ = −y H WH H W z h y        (7) 
where z is observation vector, 1−= zW Q  the inverse of 
observation weight matrix, and H=∂h(y0)/∂y0 the de-
sign matrix containing the linearized partial derivatives 
of the modeled measurements with respect to the esti-
mation parameters. In accordance with the partitioned 
formulation, the design matrix H is split up into a part 
containing the modeled linearized measurement par-
tials with respect to dynamic estimation parameters, 
HX, and the receiver clock, HT. The GPS observation 
model is linearized around initial values of the epoch 
clock offset X0 and dynamic estimation parameters T0: 
0 0,= + Δ = + ΔT T T X X X  
Here, the initial points T0 and X0 are given by the dy-
namical smooth filtering of discrete positions through 
single point positioning. The least squares solution of 
ΔT and ΔX is given by the following formula, 
T
0 0 0 0( , ) ( , )
Δ⎡ ⎤∂ ∂ =⎢ ⎥Δ∂ ∂ ⎣ ⎦
Th hW
XT X T X
 
T
0 0
0 0
( ( , ))
( , )
∂ −∂
h W z h T X
T X
        (8) 
and the overall design matrix, 
0 0
[ ]
( , )
∂ =∂ T X
h H H
T X
 
is constructed from the two partitioned ones. The least 
squares estimation is rewritten as 
TT T
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TT T
0 0
( ( , ))
( ( , ))
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   (9) 
which can be further reduced to 
Δ⎡ ⎤ ⎡ ⎤⎡ ⎤ =⎢ ⎥ ⎢ ⎥⎢ ⎥Δ⎣ ⎦⎣ ⎦ ⎣ ⎦
TT TX T
XT XX X
N N nT
N N nX
       (10) 
It is now possible to firstly resolve the dynamic es-
timation parameter updates: 
1 1 1( ) ( )− − −Δ = − −XX XT TT TX X XT TT TX N N N N n N N n  
(11) 
which are subsequently back-substituted to obtain the 
updates for the clock offsets, 
1 ( )−Δ = − ΔTT T TXT N n N X         (12) 
After having obtained the updates for the initial es-
timates, the newly obtained values are now used as 
initial values for a second run. Multiple Gauss-Newton  
iterations of this kind are required to cope with the 
non-linearity of the reduced dynamic estimation prob-
lem, and convergence is typically achieved within 3 to 
4 iterations. 
As the clock offsets need to be estimated at each 
epoch, the dimension of matrix NTT associated with the 
clock offsets is very large. If the sampling interval of 
observation is 10 s, the number of clock offsets to be 
estimated will reach 8 640 for one day, and then the 
dimension of matrix NTT is 8 640 × 8 640. It is hard to 
get direct inversion of the full matrix with dimension 
8 640 × 8 640. In the zero-difference dynamic orbit 
determination method, because observations at each 
epoch are independent, and matrix NTT is a diagonal 
matrix, the high-dimensional matrix inversion problem 
does not really exist [1,10]. But the epoch-difference 
method introduces correlation between phase observa-
tions in adjacent epoch. If zero-difference phase ob-
servation IF
jL  is time independent and the variance is 
2
,IFLσ , then the weight matrix for epoch-difference 
phase observation is 
( )
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,IFIF 3
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O OM
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(13) 
Through the phase difference in adjacent epochs, the 
observation weight matrix Qz is no longer a diagonal 
matrix, and matrix T 1−=TT T z TN H Q H  is also no longer 
a diagonal matrix. In order to avoid direct inversion of 
high-dimensional matrix in Eqs. (11)-(12), the long arc 
observation data will be divided into several short arcs, 
and epoch-difference is only taken inside a short arc, 
but not between two adjacent arc junctions. Then at the 
adjacent epoch between two short arc junctions, phase 
observations are not correlated, and observation co-
variance matrix Qz and clock offsets design matrix HT 
become block diagonal matrices (see Fig. 1). Further-
more, matrix NTT becomes block diagonal matrix. Due 
to the partitioned formulation of the problem, Eqs. 
(11)-(12) can be solved more efficiently than solved by 
direct inversion of the full matrix. 
On the one hand, in order to achieve better dimen-
sion reduction effect and improve the computational 
efficiency, a short arc length of each selection should 
not be too long. On the other hand, we make no ep-
och-difference at the link epoch between two adjacent 
short arcs, and this strategy causes observations to be 
not fully utilized, so the length of each short arc selec-
tion should not be too short. The length of each short 
arc selected in this paper is 1 h (about 360 epochs). 
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Fig. 1  Block partitioned matrix of matrices HT and Qz. 
3. Dynamic Orbit Model and Parameter Selection 
Satellite dynamic orbit equation in the geocentric 
inertial coordinate system can be generally expressed as 
3 ( , , , )| |
tμ= − +&& &r r a r r P
r
          (14) 
where &r  and &&r  denote the satellite velocity and ac-
celeration, respectively, P is the vector of dynamic 
orbit parameter, and a the sum of all perturbation ac-
celeration, except for the two-body center acceleration 
of gravity. 
NS NB TD D SR RL RTN= + + + + + +a a a a a a a a   (15) 
where aNS is the acceleration of the Earth 
non-spherical perturbation, aNB the 3rd body gravita-
tional perturbation acceleration including the Sun and 
the Moon, aTD the acceleration of tidal perturbation 
mainly consisting of solid tide and the ocean tide, aD 
the atmospheric drag perturbation acceleration, aSR the 
acceleration of solar pressure perturbation, aRL the 
acceleration of relativity perturbation, and aRTN the 
empirical acceleration. 
RTN R R T T N Na a a= + +a e e e          (16) 
where eR, eT and eN are unit vectors, denoting the sat-
ellite radial, along-track, and cross-track flight direc-
tions, respectively. The empirical accelerations are 
considered to be piecewise linear in pre-defined 
sub-intervals. The entire data arc is divided into na in-
tervals of equal duration τ. Intervals of 900 s duration 
have been selected in this paper. 
The models and parameter information used for 
processing reduced dynamic orbits are in Table 1. 
Table 1  Dynamic orbit model and parameters 
Item Description 
Static gravity field GGM02C 150×150 
Solid Earth tide IERS96, 4×4 
Polar tide IERS96 
Ocean tide CSR4.0 
The 3rd body gravity Sun and Moon 
Solar radiation pressure Ball model, conical Earth shadow, CR is estimated 
Atmospheric drag 
Jacchia 71density model (National 
Oceanic and Atmospheric Administra-
tion (NOAA) solar flux (daily) and 
geomagnetic activity (3 hourly)), CD is 
estimated 
Relativity Schwarzschild 
Precession IAU1976 
Nutation IAU1980 + EOPC correction 
Earth orientation EOPC04 
Solar ephemerides JPL DE405 
 
Orbit determination process is typically conducted 
in single day (24 h) data batches, where the measure-
ments are processed in 10 s steps. The selected coor-
dinate system is J2000 inertial reference frame, and the 
selected time system is terrestrial dynamic time (TDT). 
The Adams-Cowell multi-step integration method is 
used for orbit integration. 
4. Numerical Examples 
In reduced dynamic orbit determination with zero- 
difference phase observations, if a phase cycle slip 
occurs and the exact epoch has not been detected, the 
phase observation processing in the whole tracking 
arcs will be affected. But this impact can be easily 
avoided by epoch-difference method. Fig. 2 gives a 
numerical example to show the impact of a cycle slip 
in dynamic orbit determination of LEO satellite. At the 
epoch t = 2.5 h, a size of 1 cycle slip is added to the 
phase observations. Compared to the situation without  
 
Fig. 2  Cycle slip effect on reduced dynamic orbit determi-
nation. 
· 794 · GU Defeng et al. / Chinese Journal of Aeronautics 24(2011) 789-796 No.6 
 
cycle slips, the orbit determination precision of phase 
zero-difference method in the entire arc is obviously 
deteriorated, and the maximum impact reaches 8 cm 
near the epoch where the cycle slip occurs. But such 
big impact cannot be found in phase epoch-difference 
method, and the orbit determination precision of phase 
epoch-difference method is just the same as that with 
phase zero-difference method without cycle slip (see 
Fig. 2). 
Over a period of 31 days from January 1 to 31, 
2006, GRACE A dual-frequency GPS observations are 
processed, and root of mean square (RMS) value of 
the O−C residuals obtained from reduced dynamic 
orbit determination using differenced phase is only 
6.7 mm (see Fig. 3), which reflects the consistency of 
the applied models with the GPS observations. The 
differences between the orbit obtained from reduced 
dynamic orbit determination using differenced phase 
and the GeoForschungsZentrum (GFZ) post science 
orbit are computed in the radial, along-track and 
cross-track directions at the discrete epoch (see Fig. 4).  
For epoch-difference method, the short arc length 
should not be too long otherwise the dimension of ma-
trix NTT will be too large, meanwhile it cannot be too 
short otherwise the orbit determination precision will 
be deteriorated. The reasonable length of each selected 
short arc is 1 h (see Table 2). 
 
Fig. 3  Phase O−C residual of reduced dynamic orbit de-
termination using differenced phase for GRACE A 
on January 2, 2006 (RMS=6.7 mm).  
 
Fig. 4 Comparison between GFZ science orbit and reduced 
dynamic orbit determination result using differenced 
phase for GRACE A on January 2, 2006. The RMSs 
of R, T and N components are 2.1 cm, 3.8 cm and 
2.9 cm. 
Table 2  Orbit determination with different short arc 
length for GRACE A on January 2, 2006 
Short arc length NTT dimension Orbit precision/cm 
300 s 30×30 7.89 
900 s 90×90 6.43 
0.5 h 180×180 5.60 
1 h 360×360 5.30 
2 h 720×720 5.24 
3 h 1 080×1 080 5.20 
 
Over the 31-day period, compared with GFZ post 
science orbit, for phase epoch-difference reduced dy-
namic orbit determination method, the RMSs of radial 
(R), transverse (T) and normal (N) position components 
are 1.92 cm, 3.83 cm and 3.80 cm, and the RMS in three 
dimensions is 5.76 cm (see Fig. 5). The solution’s accu-
racy is comparable to the zero-difference reduced dy- 
 
Fig. 5  Comparison between GFZ science orbit and reduced dynamic orbit determination results using differenced phase for 
GRACE A in January 2006 (Average RMS = 5.76 cm).  
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Fig. 6  Comparison between GFZ science orbit and zero-difference reduced dynamic orbit determination results for GRACE A 
in January 2006 (Average RMS = 5.53 cm). 
namic method, for which, the RMSs in R, T and N posi-
tion components are 1.96 cm, 3.41 cm and 3.85 cm, and 
the RMS in three dimensions is 5.53 cm (see Fig. 6). 
The orbit determination accuracy of CHAMP and 
GRACE satellites with phase epoch-difference kine-
matic orbit determination method is about 30- 
40 cm [13,18]. Compared with kinematic orbit determina-
tion method, reduced dynamic orbit determination 
method can significantly improve orbit accuracy. 
5. Conclusions 
(1) The proposed reduced dynamic orbit determina-
tion method using differenced phase in adjacent epochs 
for spaceborne dual-frequency GPS is a new attempt. 
Compared with phase zero-difference method, phase 
epoch-difference method avoids solving the ambiguity, 
and is not sensitive to the impact of phase cycle slips, 
which can lower the difficulty of phase observation 
preprocessing.  
(2) In the solution strategies, the high-dimensional 
matrix computation problems are solved by decompos-
ing the long observation arc into a number of short 
arcs, making epoch-difference inside each short arc, but 
not between two adjacent arc junctions. The reasonable 
length of each selected short arc is 1 h. 
(3) According to the proposed phase epoch-diffe- 
rence reduced dynamic orbit determination method, the 
GRACE satellite orbit determination results show that 
the orbit position accuracy of R, T and N position 
components is 1.92 cm, 3.83 cm and 3.80 cm, and the 
RMS in three dimensions is 5.76 cm. The solution’s 
accuracy is comparable to the zero-difference reduced 
dynamic method, for which, the RMSs of R, T and N 
position components are 1.96 cm, 3.41 cm and 3.85 cm, 
and the RMS in three dimensions is 5.53 cm. 
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